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These are threeintroductory lectureson the relation between representationsof affine
Kac—Moody algebras,homologyof configurationspaceswith local coefficient systems,and
quantumgroups.The first lecturecontainsbackgroundon highest weight representationsof
affine Kac—Moody algebras.In the secondlecture,conformalblocks, the Friedan—Shenker
connectionand the Knizhnik—Zamolodchikov (KZ) equationare reviewed. In the third
lecture, the caseof s1

2 is studied in more detail. Integral representationsof solutions
of the KZ equation are derived, and recent results, obtained in collaboration with C.
Wieczerkowski,on the relation betweenintegration cyclesand representationsof Uq (sl2)
are explained.
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1. Highest weight representationsof affmne untwisted Kac—Moody Lie algebras

We start from the following data:
(i) A simple complex Lie algebrag with invariant bilinear form ( , ) nor-

malizedin sucha way that the highestroot hasnorm squared2, andwith dual
Coxeternumberh~’.For SiN, (X,Y) = —tr(XY), andh” = N

(ii) A complexnumberk ~ hV calledlevel.

1.1. LOOP ALGEBRAS AND THEIR CENTRAL EXTENSION

The ioop algebraLg is definedto be the Lie algebrag ® C((t)) of formal
Laurentseriesin the parametert with coefficientsin g andonly finitely many
negativepowersof 1. We havethe decompositiong = ~Dg E~n+, where

= g®tC[tI] and n = g®t’C[t~j.

The centralextensionL,g~is the Lie algebraLg ~ C with Lie brackets

[X®f(t) ~, Y®g(i)c~tfl = [X, Y] ®f (t)g(t)~p(X, Y)k res(f’(t)g(t)dt).

The residue is definedas res(~a~t’
1dt)= a

1. Taking the derivative with
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respectto t definesa derivation of L~k. Wecan thus adjoin an element L_1 to

the Lie algebrasuchthat

[L_1,X ®f(t) e~]= —x ~f’(t).

Thepolynomial subalgebraLP0~kCCL1 of polynomialsin t and I~, is integer
gradedwith the assignments

deg(X~t~)= n,

deg(~) = 0, ~EC,

deg(L1) = —I.

Note that b~= g S n~sC arenaturallyLie subalgebrasof L~k.

1.2. HIGHEST WEIGHT MODULES

Let V be a (left) g-module.Extendthe actionof g to b~by simply letting n~
act by zeroandC by multiplication. Theninduce:

= U(L~) ®LT(b+) V.

Here U denotesthe universal envelopingalgebra.The left L~kmodule V has
thefollowing properties:

(i) J/ is embeddedin V as the g submodule1 ® V and n~I’ = 0.
(ii) V is freely generatedoverU(n~)by V.
(iii) For all v E E~’,thereexistsan in such that tmn+ acts by zeroont’.
(iv) If V is an irreducible highestweight moduleand k ~ ~ then V is irre-

ducible.
The fourth propertyfollows from the Kac—Kazhdandeterminantformula, see

ref. [11. By restriction, V is a gradedLP0~kmodulewith grading

deg(v) = 0, e

deg(Nv) = deg(N), N e U (n_ ), t’ E V.

If k is rational, an irreduciblehighestweight module is obtainedas thequotient
of V by its maximal propersubmodule.

1.3. ACTION OF L1

Let {Ta}, a = 1 D = dim(g), be an orthonormalbasisof g, and set
T~= T’~® 1”. By property (iii), the actionof the formal series

L1 = k±hv~~T,1_ITfl (I)
n=Oa=l
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is well definedon V, sinceonly finitely many terms contribute.Moreover,the

following identity holdsin End(V):

[L_1,X®t~] = —nX®t”~.

If V is irreducible, the expression(1) for L_1 is uniqueby Schur’slemma.

Literaturefor lecture1. The basicreferencefor Kac—Moody algebrasandtheir
representationsis ref. [2].

2. Conformal blocks

2.1. TENSOR PRODUCTS AND MEROMORPHIC FUNCTIONS

Let

= C’~— U{z E C~lz,=
1<]

For z E C
1’~l,let M(z) be the algebraof meromorphicfunctions on P’ =

C U {~}, regularon P1 — {z
1 z~}andvanishingat infinity. Denoteby g(z)

the Lie algebrag ® M(z) with canonicalLie brackets

[X®f,Y®gI = [x,YI®fg.

We havethe injective Lie algebrahomomorphism

g(z)~LgS...SLg,

X®f ~X®f(z1 + t),

givenby Laurentexpansionat the poles.
Now let V1 V,, beg modules.SinceLg c L~k(inclusionof vectorspaces)

andLgk ~ ~ L~,acts on ®~I~,we havea linear map

g(z)®®~—+®~. (2)

But this mapdefinesan action of g(z) on ®~LI V,. Indeed,in End(®~t1I~)
we havethe equation

X®f Y®g- Y®gX®f— [X,Y]®fg = (X,Y)k ~res~~1f’gdt,

andthe right handside vanishesby the residuetheorem.
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2.2. CONFORMAL BLOCKS

Let z e C1~1,and V~ J, be highestweight g modules.For any left Lie

algebramoduleV denoteby V* theright moduleHomc(V,C). Definethevector
spaceof conformalblocks as thespaceof g(z)-invariant multilinearfunctionals

E(:) = Homg(z)(S~,C)

= {G E (®~V~)*GX = 0 for all XE g(z)}.

The next lemma showsthat conformal blocks arecompletelyspecifiedby their
valueon S~

Lemma 1. The restriction map

E(z) —~ Homc(®
1J~,C)

is bilective.

Theproof is left asan exercise.

2.3. THE FRIEDAN-SHENKER CONNECTION

We now move the points z. The following notationwill be used: the action
of an element N of a (Lie) algebra on the /th factor of a tensorproduct of
moduleswill be denotedby X(U. Let U c C[PhI be an open set, M(U) the
spaceof meromorphicfunctionson U >< P

1 whosepolesareon the hyperplanes
{(z,tflt = :,} andvanishingfort= -x~.Letg(U) = gs’II(U).ForX E g(U),

denoteby X(z) E g(:) the function I ~— X(z./). A map G : U (~~~)*j~

called holomorphic if ~ KG(z), tt~ is holomorphic on U for all a E s
1V1.

Define also the spaceof holomorphicconformalblocks,

E(U) = {G: U Homc(cj~,C)holomorphic~

(G(z),X(z)u) = 0 for all XE g(:),u E ~

If U is notsimply connectedwe allow G in this definition to be many-valued.If
G E E(U) thenG(z) E E(z) for all E U, andwe havean injectiverestriction
map of E(U) to the holomorphicmapswith valuesin Homc(s1V1,C).

Considerthe trivial infinite rank vectorbundleV x Homc(~1~c,C)with flat
connection

V = ~dz1V~,.

V~,G(z)= 02G(z) —

definedon holomorphicsectionsG(z), where /)=1G(:) is the linearform U

O~~G(~),u~.
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Proposition 2.Let XE g(U). Then

V~1[G(z)X(z)] = V~G(z)X(z)+ G(z)0~,X(z).

Proof Let u E ®Jz~. We compute

t~V~[G(z)X(z) 1~u)

= D~1(G(z),X(z)u)- KG(z),X(z)L~u)

= Dz,(G(z),~1X(z,z1+ t)~~~u)— (G(z),X(z)L~u)

= (D~1G(z),X(z)u) + KG(z),~1(D~,X)(z, z1 + ~

+ (G(z), [(d/dt)X(z, z1 + t)~’~— ~1X(z, z1 + t)L~]u)

= (D,.G(z),X(z)u) + KG(x),0~1X(z)u)— ~G(z),L~X(z)u). E

Corollary 3. TheconnectionV leavesE(U)invariant, i.e., ifGe E(U) thenalso
V~,GE E(U)for al/i.

2.4. THE KNIZHNIK-ZAMOLODCHIKOV EQUATION

The Knizhnik—Zamolodchikov (KZ) equation is the horizontality condition

VG = 0.

A moreexplicit formula canbeobtainedby expressingit in termsof G restricted
to ®V1. Let u E ®V~,andsupposeG is horizontal. Then

= (G(z),L~u)

D1 G -

=k+hVa=i ~‘ —i 0 U.

Usenow the invarianceof G underX = T’~~ (~t — ) ~ We get the equation
for the restrictionof G ( z) to 0

~, (z) = k + hv ~1— (z),
j~i I

(Q’
1G,u~= ~G,T0(1)T0(I)u), ~ E

This equationis to be supplementedby the g invarianceconditionG(z)X = 0,
for all X E g.

Literaturefor lecture 2. The contentof sections2.1 and2.2 is a reformulation

of the Ward identities of the Wess—Zumino—Wittenmodel [3], derived in ref.
[4]. Theformulation of conformal field theory in termsof holomorphicbundles
with connectionon moduli spacewasadvertisedin abroadercontextin ref. [5].



402 G. Felder / Topologicalrepresentationsof quantumgroups and conformalfield theory

3. Integral representations,quantum groups

3.1. INTEGRAL REPRESENTATION OF SOLUTIONS FOR sl2

We turn now to the problemof finding explicit solutionsof the KZ equation.
We presentthe result for the technically simplestcaseof g = sl2. In termsof

the standardgenerators

H (1 0’\ E (0l~ F (00
= ~0 —1)’ = ~o o)’ = ~l 0

wehave>a Ta® T’~= ~H®H + E®F + FOE.We use,asbefore,thenotation
X,~ = X®t’~.

If V is a highestweight g modulewith highestweight A, we denoteby VA its
highestweight vector. SupposeV1 V~arehighestweight moduleswith high-

est weightsA1,...,A~,respectively.Denotethe spaceof holomorphicconformal
blocks on an openset U by EU ,v,, (U).

Let us first considera special case:set u0 = ®1v4,. The KZ equation for
(G(z), u0) reducesto

I ~—(A1,A1)d~~(G(z),uo) = k 2 L - -• ~G(z),a0), (3)
+ ~

with normalizedsolution

(G0 (z), u0) = fl(z1 — z1 ) (A~,A1)/(k+2) (4)

i<I

Extend this solution to Homc(®~,C) by setting (Go(z),u) = 0 for all weight
vectors u of weight different from ~ The value of G0(z) on a general u E

®J~is given by a single-valuedmeromorphicfunction with possiblepoles only
on the hyperplanesz1 = z~,i ~ j, times the right hand side of eq. (4). In
particular,the monodromyof (G0 (z), a) is independentof u.

Wenow turn to the caseof generalweights.The generalcasecanbe reducedto
thespecialcasejust considered,at thecostof introducingnewvariables.Let (~be
the simpleroot of sl2: (~, H) = 2. Let r be a non-negativeinteger.Let W bethe
highestweight g modulewith highestweight —~. Additionally to the variables

.,z,~,we introducevariableste1 ta,. anddefineG(:, ii~) taking values

in (®~I~)*,in terms of the solution G0 E E~ ~.(C[n+rl) by the equation

(G(z,w), u) = (Go(z,w),u® E_1?,, ® 0 E_1v_,~)

Define also G1 by the sameformula, but omitting E~1at the jth position (1 ~
j < r).
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Lemma4.For anyf E M(C”), andu E ®~,

(G(z,w),(E®f)u) = 0,

(~(z,n’),(H®f)u) = 0,

(~(z,w),(F®f)u) =

Proof Explicit calculationusing

(Fof(w1) + F1f’(w1))E_1v~= (k + 2)(f (w1)L_1 + f’(w1))v~. ~

Thusthedifferential form G(z, w )dut~ . . . dw,. is g(C[~hl) invariant up to exact
forms. Whatthis meanswill be formulatedmorepreciselybelow.It follows that
for every cycle F weget a solutionof the KZ equation:

(Gr(z),u) = f(~(z,w),u)dnYiA Ad?I)r, ~ E ~ (5)

We leave it as an exerciseto computethe explicit formula for the integrand,

whenu E ®1V,. Takeu = FmI VA~® ® ~ with > in, = r. Thesolution
is, up to a normalization,

(G(z,w),u) = ~ [f —

W1 ~~~j(j)
aES(r,mi m,,) ,=I

~(z,tv) = ff(z1 — ...)(AiAJ)/(k+2) [J(u~1—

i<j 1,1

>< [J(~— W)2/(k+2)

i<j

The sumis overthe setS(r,m1,... , mn,~)of mapsafrom {l,. . . , r} to {l, . . . , n},
such that for all i, the cardinality of a (i) is m~.The expressionfor G1 is
similar, exceptthat ~ in1 = r — 1 and { 1,..., r} is replaced by { 1,..., r} — {i}.
This solutionhasweight ~ A — rrt.

3.2. COCHAINS AND CHAINS

HereweassumethatRe(k) > —2. Our aim is to find a suitablespaceof cycles
F which wouldgive the completeset ofsolutionsof theKZ equation,if we insert

it in the integral representation(5).
We considerthe situationof the lastsubsection.We are thusgiven n highest

weight sl2 moduleswith highestweightsA1, ..., A,,.
Let ~ bethe complexof rationaldifferential formson C~~+”~ (z,w), whose

polesareon the hyperplanes{z1 = z1}, {tv~= z1}, vanishingin the z direction
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Fig. 1. The loops used to constructcycles.

andwith differential

d =

along the W direction.
Thesymmetric group Sr acts on Cn+r by permutationof thelast r variablesti’.

Let Q,,*r alt bethe subcomplexof differential formsw suchthat ~ w = sign(it) w
for all it E Sr. Thenthe spaceof many-valueddifferential forms

J*(flr~) = {~I~’WIWEQ,~rait}

[i~ is thefunctiondefinedin eq. (6)1 is in fact a complex. The slightly non-trivial
thing to checkhere is that the differential preservesthe regularityas w, —*

The differential forms we are interestedin,

(G(z,w),u)dwi A~AdW,.,

~ (—1 )~(O1(z, w), u)f (ttY1)dWi A ... A d?i)1 A ... A dWr,

arein4*(n,r,P). Let~i~(n,r,~1~) = Hom(4*(n,r,1),C) bethecorresponding
homology complex whose differential 0 is the transposedof d. We want to
computethe tophomologygroup

Hr(i*(n,r,I))=Ker[0:,ir(n,r,i)_*Jr_i(n,r,cI~)I

of linear functionson r-formsvanishingon exactr-forms.
Fix a basepoint z E C

1~1.Let y~,.. .,y,, : [0, 1] —÷ C be closedcurveslooping
aroundz

1,.. .,z,, in counterclockwisedirection, seefig. 1. Let r1, , r~benon-
negativeintegers.Set

= {sE [0,111 0<s1 <.<s1< l},

= ... X

= (~j(5~) Yi(5j)), s E O~,
= x x : O(,~) C~’

Wedefine a set of chains F(,.,)(n,r) in zJ,.(n,r,’1) labeled by n-tuples (r1) =
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(r1 r,, ) with > r1 =

(F(,.1)(n,r),w) = f ?(r)~,

with somechoice of branchof the many-valuedintegrand.Let
4r(fl, r, 1) be

the subspaceof ~r(fl, r, i) spannedby the chainsT’(r) (n, r).
We now definea set of chainsF(r,)(n,r) in J,.~i(n,r,I) labeledby n-tuples

(r
1) = (r1 ,,) with ~ r = r — 1. Let j be the map (ta1, . . . , w,.~) ~

(u~1 UYr~i,z0), anddefine

(F(,.,)(n, r), w) = f ~)jO)

with some choice of branch of the many-valued integrand. In words, what
F(r1)(fl,/) doesis: takethe pieceof the (n — 1)-form w not containingdWr, set
tO,. = zo, thenintegrateovertheremainingvariablesw~.Let

1r—1 (n,r, ~) bethe
subspaceof zJ,.~(n, r, 1) spannedby the chainsF(ri)(fl, r). As 0 (4r) C ~r—1,

we candefine a subcomplex4~(n, ,., ci) by settingall otherzirn (n, r, i~)equal
to zero.The following is a somewhatwild form of a conjecturein ref. [6].

Conjecture 5. The inclusion z1~(n, ,~, 1) —~ 4,, (n, r, i) is a quasi-isomorphismn

(i.e., it inducesan isomnorphisinin homologi).

What can be shown by a homotopyargumentis that the complex4,, (n, r, ‘i)
computesthe Eilenberg—SteenrodsingularH~-homo1ogy[7] of the configura-
tion spaceof r unorderedpointson the complementof the unionof small open
disks about the z~’s,with coefficients in the local systemdefinedby ~ It is
definedas the inverselimit over complementsU of compactsets,of relative
singularhomologygroupsmodulo L’.

It is not essentialat this point to believein this conjecture.We can proceed
without it, knowing that the thehomologyof 4., in dimensionn givesusa space
of solutions,which in factis monodromyinvariant.

3.3. THE APPEARANCE OF Uq (s1
2)

Here again, we assumethat Re(k) > —2 and set q = exp(iri/(k + 2)).
Let Uq (512) bethe associativealgebrawith generatorse,f, k

2,k2 andrelations
k2e = q2ek2,k2f = q2fk2, [e,f] = k2 — k2. Let A = mA

0 be a weight of
s12 expressedas a multiple of the fundamentalweight A0, in E C.

The quantumVerma module (in the senseof Lusztig [8]) MA contains a
highestweightvector VA with

evA = 0, k
2vA = exp(iritn/(k + 2))VA,
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andhas a basis (c-~)~~:

Il fI . (q1 — q1) ... (q2 — q2)(q — q1)

iA = Li1~!~’ [JIq.= (q_q-i)J

If q isa rootofunity, therearevanishing denominators in this formula. However,
the actionof U,

1(s12) is well defined,sincethe matrix elementsof generatorsare
regularas q tendsto a root of unity. Let usalso introducea gradingof U,~(s12)
andMA.bysettingdeg(e)= l,deg(k

2) = 0,deg(f) = —l anddeg(c~)= —j.
Let us now return to our set of data: n weights A~ A,,. whosesum is r

timesthe simpleroot of s1
2. As Uq (s12) is a gradedHopf algebra,we can define

gradedmodulesby taking tensorproductsof gradedmodules.Denoteby (%f)~
the spaceof homogeneouselementsof degreej of a module M. We definea
complex4,,(n,r). vanishing in all dimensions except in dimension r, r— 1. Set

~r(n, r) = (MA1 0’’~ 0 M,~,, ) —

4r~~i(n,r) = (MA1 0 S MA,,)_r+1.

Thedifferential is e.

Theorem 6. The mapA, (ii, i~,~) —‘ 4, (n, r) definedby
T(r

1) (n. r) : c v~’® ‘

is an isomorphismn ofcotnplexes, .for suitable constants c depending on thechoices
of branches.

Theproof is by explicit computationof the boundaryoperator.
Thus the quantumgroup generatore hasthe interpretationof boundaryop-

erator.What is the interpretationof f? It turns out that canbe geometrically
identified in terms of “adding a loop”. Seeref. [6] for details.

Themeaningof theorem6 is that for eachsingularvectorof weightzero in the
tensorproductof Verma modules,one hasa solution of the KZ equation.The
monodromyof thesesolutioncanbe computedasthe actionof the fundamental
group of C~~

1(the purebraid group) on homology.
The resultis thatoneobtains,on thelevelof thecomplex,the R-matrix repre-

sentationof thepurebraidgroup(oid)on thetensorproductof quantumVerma
modules.

Recentprogress[9] showsthat the structuredescribedhere shouldhavean
interesting generalization to Riemann surfaces of arbitrary genus.

Literature for lecture 3. Various derivations of integral representations are
known to date. It seemsthat the mostcompleteresultwasobtainedin ref. [10].
The proof we presented here uses an idea of Cherednik [111. For quantum
groupsseeref. [121 andreferencestherein. Early attemptsto seea connection
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betweenintegralrepresentationsandquantumgroupsappearedin refs. [13,14].
We follow ref. [6]. See also refs. [1 5—17]. The (co ) homologyof configuration

spaces with local coefficient systems in relation with quantum groups has been
recently studied in detail in refs. [18—20].

The new resultspresentedherewereobtainedin collaborationwith C. Wiec-
zerkowski.I thankalsoD. KazhdanandA. Varchenkofor clarifying discussions.
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